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Abstract 

We prove central limit theorems for additive functionals of stationary fields 
under integrability conditions on the higher-order spectral densities, which 
are derived using the Holder- Young-Brascamp-Lieb inequality. 
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1 Introduction 

Motivation. Consider a real measurable stationary in the strict sense random 

field Xt, t e W^, with EX* = 0, and El^tl*^ < oo, A: = 2, 3, .... 

Assumption A: We will assume throughout the existence of all order cumu- 

lants Ck{ti,t2, ■•.,ifc) for our stationary random field Xt, and also that they are 

representable as Fourier transforms of "cumulant spectral densities" 

/fc(Ai, Xk-i) 6 Li(M'^('=-i)), fc - 2, 3, i.e: 

Ckiti,t2, ■■■,tk) = Ckih - tk, ■.,tk-i - tk,0) = 
= f e'^?=^^^(*^-*'=)/fc(Ai,...,Afe_i)dAi...dAfc_i. 

JAi,...,Afc_ieK''(''-i) 

Note: The functions /^(Ai, Afc_i) are symmetric and may be complex 
valued in general. 
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Central limit theorems for stationary fields have been derived traditionally 
starting with the simplest cases of Gaussian or moving average processes, via 
the method of moments based on explicit computations of the spectral densi- 
ties. We are able to treat here general stationary fields, by making use of the 
powerful Holder- Young-Brascamp-Lieb (HYBL) inequality. Discussion of differ- 
ent approaches for derivation of CLT for stationary processes and fields can be 
found, for example, in |^. 

The problem: Let the random field Xt be observed over a sequence Kt of 
increasing dilations of a bounded convex set K of positive Lebesgue measure 
\K\ > 0, containing the origin, i.e. 

Kt = TK, T ^ oo. 

Note that \Kt\ = T'^\K\. 

We investigate the asymptotic normality of the integrals 

St^ f Xtdt (1) 

and the integrals with a some weight function 



S'^ ^ / w{t)Xtdt (2) 
JteKT 

as r — > oo, without imposing any extra assumption on the structure of the field 
such as linearity, etc. We will not also introduce any kind of mixing conditions. 
We will establish central limit theorems for St and Sijl , appropriately nor- 
malized, by the method of moments. Namely, we will consider the cumulants 
of integrals ([1]) and ([2]), represent them in the spectral domain, and evaluate 
their asymptotic behavior basing on some analytic tools provided by harmonic 
analysis. In such a way, via the spectral approach, all conditions needed to 
prove the results will be concerned with integrability of the spectral densities 
/fe(Ai,...,Afe_i), fc = 2,3,.... 

Taking consideration of the cumulants of St (or S"^) in the spectral domain 
one is lead to deal with some kind of convolutions of spectral densities with 
particular kernel functions (sec formulas for the cumulants © and l|40p below) . 
Similar convolutions have been studied in the scries of papers [J - 0, under 
the name of Fejer matroid/graph integrals. 

Estimates for this kind of convolutions follow from the Holder- Young-Bras- 
camp-Lieb inequality which, under prescribed conditions on the integrability 
indices for a set of functions fi € Lp.(S,dfi), i = 1, allows to write upper 
bounds for the integrals of the form 

^ k m 
•^■S" i=l j = l 

with li : S™ — !• S being linear functionals (where S may be either torus [— tt, tt]'* , 
Z'^, or K'' endowed with the corresponding Haar measure fi{dx)). 
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An even more powerful tool, which we will need in this paper, is provided 
by the nonhomogeneous Holder- Young-Brascamp-Lieb inequality, which covers 
the case when the above functions fi are defined over the spaces of different 
dimensions: /; : S^' — M (see Appendix A). 

Contents: We state limit theorems for the integrals ([T]) and ^ in Sections 2 
and O respectively, with discussion of the assumptions used and of some possible 
applications. The example of Gaussian fields is discussed in Section |3l and an 
invariance principle provided in Section 21 The Holder- Young-Brascamp-Lieb 
inequality used to prove our results is presented in Appendix A. 

2 Main results and discussion 

Given a sequence Kt of increasing dilations of a bounded convex set K of 
positive Lebesgue measure \K\ > 0, containing the origin, let us consider the 
uniform distribution on Kt with the density 

and characteristic function 



\Kt\ 



Kt 



Define the Dirichlet type kernel 

At{X)^ [ e'^^dt=\KT\(f>TW, XeR'^. (4) 

JteK-r 



Denote 

Ai(A) = / e'*^dt, A eM''. (5) 
JteK 

We will need the following assumption: 
Assumption K: The bounded convex set K is such that: 

CpiK) := ||Ai(A)||p f / |Ai(A)|PdA) ^ < oo, Vp > > 1. 



Remark 1 Assumption K and scaling imply 

\\AT{X)l^T''^'-'/P^CpiK). (6) 

Remark 2 The constants Cp{K) and in Assumption K depend on Gaussian 
curvature of the set K. This fact goes back to Van der Corput when d = 2 - 
see Herz (1962), Sadikova (1966), and Stein (1986) for extensions and further 
references. 
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The explicit formula for Cp{K) when 7^ is a cube: K = [—1/2,1/2]^, is 
known: Cp{K) = C^, where Cp = [2 \'-^\Pdz^ \ Mp > I. Note that in 

this case = 1, and Cp^ > Cp^ for pi < P2- For a baU Kt = Bt = {t e : 
\\t\\ < T/2] it is known that 



At(A) 



2-K- 



T 



J, 



d/2 



where J,y{z) is the Bcssel function of the first kind and order v, and 



Cp{K) = (27r)^ 2 



d -£i(l-i) 



1/p 



„<i/2 



1/p 



dp 



2d 

d+ 1' 



where |s(l)| is the surface area of the unit bah in W^, d > 2. In this case 



P* 



2d 
d+ 



j>l,d> 2. 



The derivation of the central hmit theorem for the integrals ^ will be based 
on the above estimates for the norms of functions At (A) and the important 
property of these functions stated in the next lemma. 



Lemma 1 The function 
1 



1>f(A) = 



{2TrY \K\T'i 



t£KT 



.At(A)At(-A), AG 



{2TrY \K\T'' 

possesses the kernel properties (or is an approximate identity for convolution): 

f 4''(A)dA = l, (7) 



and for any e > when T ^ co 

lim 



eK 



'P^^\X)d\ = 0. 



(8) 



Proof. 

The first relation ([7]) follows from ^ and Plancherel theorem. From Hertz(1962) 
and Sadikova(1966) one derives the following assertion: if X is a convex set 
and ^('^^i) {K} is its surface area, then for any e > 





/ e^'^dt 


^||A||>c 


JteK 



dX < -^(''-i) {!<} 

€ 



sin"* zdz 



is valid. This inequality and homothety properties yields the second relation 
([H]), see also Ivanov and Leoncnko (1986), p. 25). 
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The cumulant of order k > 2 of the normahzed integral St is of the form 
j-(k) f St St 

1 



1 



Ckih - tfe, ..,ife-i - tk,0)dti...dtk 



Ai,...,Afc_ieR''('»-i) 

AT(Ai)...AT(Afe_i)AT ("E^^) dXi...dXk^u 



(9) 



inhere A7-(A) is the Dirichlet type kernel (U). 



(2) 

To evaluate the second-order cumulant Irp we will need one more assump- 
tion. 

Assumption B: The second-order spectral density /2(A) is bounded and con- 
tinuous and 

1 



/2(0) = ^ / (EXtXo)dt^O. 



Under the assumption B we obtain from (j9l) and Lemma 1 as T — !■ 00 

^} = {^} - (2-)' i^^i <'\m2{x)dx ^ 

->(27r)'*|/v 1/2(0). (10) 

To evaluate the integral ([S]) for fc > 3 we apply the Holder- Young-Brascamp- 
Lieb inequality (sec Theorem Al in Appendix A). 

Comparing ^ and l.h.s. of (GH), we have in dH): H = M''('=-i) and fc + 1 
functions gi = g2 = ■■■ = 9k = At on R'', gk+i = fk on M''*'^"^); linear 
transformations in our case are as follows: for x = (xi, ...,Xk) e R'*('=-i) lj{x) = 
Xj, j = 1, fc - 1, Zfc(x) = Y!]ZI Xj, lk+i{x) = Id (identity on W"^^-^^). 

Suppose there exists z = (zi, z^+i) e [0,1]*^+-^ such that condition (CI) 
of Theorem Al is satisfied: 

d{zi + ... + Zk) + d{k - l)zk+i = d{k - 1), (11) 

with 

1 1 

Zl = •.• ^ Zk = , Zk+l 



Pi pk+1 

where pi falls in the range for which Assumption K holds, and Pk+i is the 
integrability index of the spectral density /fe, that is, suppose /fe(Ai, Xk~i) S 
V^,(R''('^-i)). 
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Let us check that condition (C2) will be satisfied as well with such a choice 
of z = (zi, Zk+i). For \fV C M'^C^"!) we must have 



fe+i 



dimV < ^Zj dini(/j(l/)), 



(12) 



the r.h.s. is equal to zi X]j=i <iim{lj(V)) + z/c+i dim(/fe+i(T^)), where, with the 
above choice of the linear transformations, we have dim{lj{V)) = d, j ~ 1, fc, 
dim(/fc+i(l/)) = dim(F), that is, ([12]) becomes 

dim V < zikd + z^+i dmi{V), 

or, taking into account that (zi, z^+i) have chosen to satisfy 

zifcd (i(fc — 1) (1 — Zfe-|_i) 



dimF < 



1 - Zk+l 



1 - z/c^ 



1), 



which holds indeed for W C R'^('=-i). 

Then applying the Holder- Young-Brascamp-Lieb inequality (and taking into 
account ©) we have for some C > 



(fc) 



< CT 



kd{l~ 



(13) 



for Vpi > p* > 1 and Pk+i satisfuing pT|) . 

If < 2, we can chose pi = 2 and come to the bound 

i^^\<CC^{K)\\.fk\\p,^,, (14) 

for such a choice of pi, the corresponding index Pk+i we obtain from (fTTj) : 

2(fc - 1) 



Pk+i 



-, fc > 3. 



(15) 



However, we are able to prove that, in fact, /y*^-* — as T — cxd (that is, 
bound in (jl4p can be strengthen to the form o(l)), requiring still < 2 and 
/fc(Ai, Afc_i) e Lp,+i(M'*(''"i)) with the same pfe+i given by (Il5|). 

Indeed, let us chose in ((TT|) pi = ... = pa:-2 = 2 (that is, zi = ... = Zfe_2 = 5) 
and Pfc_i = Pfc be close but less than 2 [zk-i — close but more than i). 

Then the bound (fT51) becomes 



r(fc) 



< CT-^^i-ifr (if )c? (if) II/, 1 1,,^, 



CT--^C^-'{K)Ci(K)\\M\ 



\Pk+i 



(16) 



where e = 

Pk 

that 



1 > and corresponding Pk+i, obtained from (jlip . will be such 
2(fc - 1) 



Pfc+i > Pfc+i 



fc-2 



-, fc > 3 



(17) 
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(note that we do not need here the exact expressions for pk and pk+i)- 

Therefore, for the functions fk £ -^p^+i we have l!^'' — > as T ^> oo, for 
A; > 3. 

Remembering that we arc interested in evaluating ^ for the functions fk 
which are in (as being spectral densities), we summarize the above reasonings 
as follows: 

(i) for fk G -Lj n ipfc_|_i we have obtained the bound (IT4l) : 

(ii) for fk £ L^r\Lp^_^^ we have obtained the convergence I^'^ — > as T — > oo. 
It is left to note that 

(hi) n ipfc+i is dense in n ip^+i (see (HZ])) 

to conclude that the convergence I^'^ as T ^ oo holds for functions from 
n Lp^^^ as well. 

Indeed, for fk ^ L^C\ Lp^^-^ and gk G fl Lp^^-^ we can write 



4'^ (AO < /r(/fc-.9fc) + /r(.9fc) 

where the first term can be made arbitrary small with the choice of gk in view 
of (i) and (iii), and the second term tends to zero in view of (ii). 

Thus, the following central limit theorem is proved by method of cumulants, 
with conditions formulated in terms of spectral densities. 

Theorem 1 Suppose that Assumptions A, K with < 2, and B hold, and for 
fc > 3 

/fc(Ai,...,Afe_i)G (18) 

where pk = ^fc,^'* . Then, as T ^ oo 



r(fc) 



4iV(0,a^), (19) 



where cr^ = {2-kY \K\ f2{Q). 

Remark 3 For balls and cubes the condition p» < 2 holds. 

Remark 4 As a consequence of the above theorem we can state that the CLT 
holds under Assumptions A, K with < 2, and B, if the spectral densities 
fk G Li{W^^''~^^), fc > 3. However, Theorem 1 provides more refined conditions, 
showing that for the central limit theorem to hold the index of integrability of 
higher order spectral densities /fc can become smaller and smaller, approaching 
to 2 as fc grows. 

The next remark is about a possible condition of the convex sets in form of 
the kernel property. 



7 



Remark 5 One can assume that the function 

has the kernel property on M''('^^i) for k > 2 : 

[ ^P{Xu...,Xk-i)dXi...dXk-i^l, (20) 
and for any £ > when T ^ oo 

Urn/ 4^'(Ai,...,Afe_i)dAi...dAfe_i =0. (21) 

Note that (|20p . ((2T|) hold for the rectangle A' = {sec, for instance, 

Bentkus and Rutkauskas (1973) or Avram. Leoncnko and Sakhno (2010) and the 
references therein). If the higher-order spectral densities fk{Xi, Xk-i), k > 2 
are continuous and bounded and /^(O, 0) ^ 0, then 

r{k) (27r)'' |A' 1*^ ^ f \ \-c /\ \ \j\ j\ 

as T — !• cx), thus tend to zero for A: > 3, and the central limit theorem, Theorem 
1, follows. 



3 Gaussian fields 

Let us consider how the above method for deriving Theorem 1 can be used in the 
situation when the field X{t) is a nonlinear transformation of a Gaussian field. 
Note that this kind of limit theorems, often called in the literature Breucr- 
Major theorems, have been addressed by many authors. Recently, powerful 
theory based on Malliavin calculus was exploited in the series of papers by 
Nualart, Ortiz-Lattore, Nourdin, Peccati, Tudor and others to develop CLTs in 
the framework of Wiener Chaos via remarkable fourth moment approach (see, 
for example, [28], [29] and references therein). We show how CLT can be 
stated quite straightforwardly with the use of the Holder- Young-Brascamp-Lieb 
inequality. 

For a stationary Gaussian filed X{t),t e M'*, consider the field Y{t) = 
G{X{t)), t G Mf^. For a quite broad class of functions G, evaluation of asymptotic 
behavior of the normalized integrals St ~ IteKx ^i^)dt reduces to considera- 
tion of the integrals J^^^^^ H„i{X{t))dt, with a particular to, where H^ix) is 
the Hermite polynomial, m is Hermite rank of G (see, i.e., Ivanov and Leonenko 
(1986), p.55). 
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To demonstrate the approach based on the use of the Holder- Young-Brascamp- 
Lieb inequaUty, we consider here only the case of integrals 

ST = ST{H2{X{t)))^ f H2{X{t))dt, (22) 

where H2{x) — — 1. 

Suppose that the centered Gaussian field X{t), t G R*^, has a spectral density 
/(A), A G W^. Then we can write the following Wiener-Ito integral representa- 
tion: 

H2{X{t))= ( e'(^^^^+^^'y7(A0V7(A;)W^(dAi)W^(dA2), (23) 

where W{-) is the Gaussian complex white noise measure (with integration on 
the hyperplanes \i = ±Xj,i,j = l,2,i ^ j, being excluded). Applying the 
formulas for the cumulants of multiple stochastic Wiencr-Ito integrals, we have 
that the spectral density of the second order of the field ([23]) is given by 

52(A) = / /(A)/(A + Ai)dAi, 

which is well defined if /(A) G L2(R'^), and this condition guarantees also that 
the Assumption B holds. 

Next, the cumulants of the normalized integral (|22|) can be written in the 
form 

r(k) (St St \ 

= / At{Xi)...At{X,-i)At(-J2A 

X I /(A)/(A + Ai).../(A + Ai + ... + Afc_i)dAdAi...dAfe_i. (24) 

Now we can repeat the same reasonings as those for the proof of Theorem 1 
to conclude that /y*^' — > as T — >■ 00, for /c > 3, under the condition /(A) G 
L2{M.'i). 

Indeed, formula relating the intcgrability indices p for At (A) and q for 
f (A) becomes in this case of the following form: dk- + dk- = dk, or i -I- i = 1. 
We need already /(A) to be in L2{^'^) for a proper behavior of the second order 
cumulant, therefore, choosing q ^ 2, we can take p to be equal 2 as soon as 

< 2 in the Assumption K. 

Thus, we derived the known result (see, for example, [23]): 

Proposition 1 If a stationary Gaussian filed X{t),t G SJ^, has the spectral 
density /(A) G L2(M'^) and Assumptions K with < 2 holds, then, as T 00 

^«^5a'(0,O, (25) 



9 



whe 



a'^{27rf\K\ f f{X)dX. (26) 

As we can see, when taking into consideration the spectral domain, the 
apphcation of the Holder- Young-Brascamp-Lieb inequality allows to provide a 
very simple proof. Note also that this kind of technique has been used for linear 
sequences (which generalize Gaussian fields) as well [5]. 

Moreover, requiring more regularity on spectral density /(A), we are able to 
evaluate the rate of convergence (|25p in the following way. 

Let us consider St = (2^)^4^|i^o)TU ■ We have for /(A) G L2{R'^) the 
convergence as T — > oo 

5t 4 iV - 7V(0,1). (27) 

We can state stronger version for this approximation, namely, that the conver- 
gence ^7} takes place with respect to the Kolmogorov distance: 

dKoiiSr.N) - sup |P(5t < z) ~ P{N < z)\ -> 0, (28) 

and also we can provide an upper bound for dKoiiSr, N). For this we apply 
the results from [55]: since St is representable as a double stochastic Wiener- 
Ito integral we can use the Proposition 3.8 of [5^ which is concerned with 
normal approximation in second Wiener Chaos and gives upper bounds for the 
Kolmogorov distance solely in terms of the fourth and second cumulants. This 
bound is of the form 



dKoiiST,N) < ^J^cumiiST) + (cum^iST) - 1)^. (29) 

So, we need only to control the fourth cumulant of St and this can be done with 
the use of the Holder- Young-Brascamp-Lieb inequality. Due to this inequality, 
analogously to our previous derivations, for /(A) G Lq{R'^), q > 2, and At (A) G 
Lp{M.'^), with i -f- i = 1, we can write 

\cumkiST)\ < CT"'^'-^'>-'^C^iK)\\f\\'^ = CT'"'^^-i^C^{K)\\ffq, 
therefore, 

dKoi{ST,N) < Const T-^^ 

where the constant depends on K and /. Thus, the rate of convergence to the 
normal law depends on the index of integralbility of /(A), in particular, for 
/(A) G Li{R'^) we obtain 

dKoi{ST, N) < Const 



rpd/2- 



The above technique can be also used for deriving CLT for ST{Hm{X{t))) with 
m > 2. 
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4 An invariance principle 

Let us return now to the case of a general random field X{t) of Assumption A. 
In order to discuss tlie invariance principle for the situation above we consider 
the multiparameter Brownian motion of Chentsov's type (see Samorodnitsky 
and Taqqu (2004) for example), that is the zero mean Gaussian random field 
b(t),t G R'^, such that 

(i) b{t) = 0, if tj = for at least one j E {1, d} ; 

(ii) Eb{h)bit2) = Umm{t['\t^i^},^i ^ = e {1,2}. 
We introduce the Gaussian process 

Lk{u) = ((2^)^/2(0))'/' / db{t), u e [0, 1] , (30) 

with zero mean and covariance function 

ELkMLkM = {2TTff2iO) ufKnulx , ui,ui G [0,1]. 

Note that for the ball K = Bi={teR'^ : \\t\\ < 1/2} 

ELbAui)LbAu2) = (27r)'*/2(0) |Bi[min{Mi,U2}, Ui,U2 G [0,1], 

where \Bi \ is the volume of the ball Bi. 

If we assume that the stochastic process ((30|) induces the probabilistic mea- 
sure P in the space C[0, 1] of continuous functions with the uniform topology, 
then one can prove the invariance principle for the measures Pt-, induced in the 
space C[0, 1] by the stochastic processes 



^t{u) = 7^ I Xtdt, u G [0, 1] , (31) 



that is the under conditions of Theorem 1 the measures Pt converge weakly 
(=^>) to the Gaussian measure P in the space C[0, 1] as T — !■ oo (see Billings- 
ley (1968) for necessary definitions related to the convergence of probability 
measures). This can be proved if we introduce the following assumption. 

Assumption The function 

<-=<^' - mrt-Tt) ■ ' ' 

has the kernel properties similar to ([7|), (|H1) for Ti < T2,Ti — cx). 
Really, in this case one can check that the Kolmogorov's criterion: 

E \Yt{u2) - 1t(wi)['* < const \u2 - ui[^ < ui < U2 < 1, (33) 
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of weakly compactness of probability measures {Pt} is satisfied (see again 
Billingsley (1968)). 
Consider 



E\YTiv)-YTiu)\' 



E 



Xidt 



^ [ E[Xt,Xt,Xt,Xt,]dtidt2dt3dt4 

•J Kr-p 

I [C4{tl - t4,t2 - t^jt^ - 
+C2{ti - t2)c2{h - U) + C2{ti - h)c2{t2 - ^4) 

+C2(ii - ti)c2it2 - h)]dtidt2dti,dt4 

h+h + h + h- (34) 



(We have denoted here Kt = v^/'^Kt \u^^'^Kt-) 
We can write 



3 

h ^ [ /4(Ai,A2,A3)n / e^'^^'dt, [ e-'''^U^^dt4dXidX2dX3 

= T^dl /4(Ai,A2,A3)n AK.(E^^)'^^i^^2dA3. (35) 

Supposing f4 £ Lq, Aj^_^ e for p, q : 4| + 3^ = 3 and applying the Holder- 
Young-Brascamp-Lieb inequality we obtain 



Choosing p = 2 we get 



{ii^-iLr ^ ILIL 



e'^^dt 



1/2^ 



d\ 



e'*^dt 



(36) 



dX 



i2nr\K\{{Tv'/''r - (Tu'/y) / (A)dA 



Therefore, under the assumption /4 e i3(M'^'') (which is covered by the assump- 
tions of Theorem 1) 



Ii < const {v — uY 



Next, consider 



R'' 



C2ih-t2)dhdt2 ^ /2(A)/ e'(*i-*=)^dtidt2dA= / /2(A) A^JA) 



R'' 



dX. 
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Supposing /2(A) to be bounded we get 

C2(ii - t2)dtxdt2 < const [ (A) ^ dA = const {2TTf\K\T''{v - u) 

(37) 

which implies that each term /j, j = 2, 3, 4 in is bounded by 

const{2Tr)'^\K\{v - uf. 
Hence, ([55)1 holds if we suppose that the second order spectral density /2 is 

f 2I _____ 

bounded, £ L3 and ^^(A) given by ([5^ has the kernel properties. 

If the homogeneous random field Xt,t G Mf^, is second-order isotropic (it 
means that the covariancc function KXtXg = B (||t — s\\) depends on the Eu- 
clidean distance \\t - s\\,t,s e M'', and Kt = Bt = {t e R'^ : \\t\\ < T/2] are 
balls, then the condition (j33|) and Assumption $ concerning the kernel prop- 
erties of j.^(A) are satisfied. It follows from the results by Leonenko and 
Yadrenko (1979) (see also Ivanov and Leonenko (1989), chapter 2), since for 
balls 



E 

if 



Xtdt 

Ti<\\t\\<T2 



2 . 



00 



z'^-^ \B{z)\ dz < 00, 7 = / z'^-^B{z)dz ^ 



We can summarize the above arguments in the next theorem. 

Theorem 2 Suppose that Assumptions A, K, B and $ hold, and fiiXi, A2, A3) £ 
L3{M.'^'^). Then the familly of measures Pt, induced by the stochastic processes 
is weakly compact in the space C[0, 1]. 

Compiling now Theorem 1 and Theorem 2 we come to the following result. 

Theorem 3 Suppose that conditions of Theorem 1 and, in addition, Assump- 
tions 3" hold. Then Pt ==^ P in C[0,1], where the measures Pt and P are 
induced by the stochastic processes LSI]) and LSOp respectively. 



5 Non-homogeneous random fields 

We discuss now the central limit theorem for non-homogeneous random fields 
of special form. 

Assumption C: Assume that a real (weight) function w{t),t € M'', is (posi- 
tively) homogeneous of degree (3, that is for any a > there exists [3 gM., such 
that 

w{at) = w{ati, atd) = a^w{t), t e R'^. 
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Assumption D: Assume that there exists 



Jt£K 

Under Assumptions C and D 

Example 1. The function wi{t) = HtH" , j/ > 0, is homogeneous of degree 13 = 
if > 0. For example if d = 1, A' = [0, 1] and > is an integer, we obtain 

w,{X) = / ee^'^dt = 4^ / e^'^dt = A e Ri. 



dX" 7tg[04] ^"^ ^^'^ «^ 



Example 2. Anotlier example of the homogeneous function of degree /? > 0, is 
W2{t) = \ti + ••• + td]^ , where again (3 = if > 0. 

Example 3. The function wz[t) = \\ti\' + .. + . ItdPl^ is homogeneous of degree 
/3 = if 1/ > 0,7 > 0. 

Example 4- All arithmetic, geometric and harmonic averages of \ti \ , \td\ are 
homogeneous functions of degree one. 

Under Assumption C we investigate below the asymptotic normality of in- 
tegrals 

= [ w{t)Xtdt 

as T — )• 00. 
We denote 

W\T)^ f w\t)dt^-l-^f \wTiX)\'dX. (38) 
Assumption E: Let the finite measures 

72 



Jud \wt{X)\ dX 



converge weakly to some finite measure ^{dX), and the spectral density /2(A) is 
positive on set S C M'' of positive /x-measure > 0). 

We recall that the weak convergence of probability measures means that for 
any continuous and bounded function /(A) as T — > 00 

lim / f{X)tir{dX) = / /(A)M(dA). 
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Then we have that the variance 



E 



5^! 



W{T) 



M/2(T) 



/(A) 



dX 



i2Trf / f2iX)^lT{dX) ^ {27Tf / /2(A)/i(dA) = > 0, 



as T — > oo. 

It turns out that we need the foUowing 
Assumption F: 



Cp^jK) := \\wi{X)\\p= 



dX 



1/p 



< \fp > Pi: > 1. 



Then by scahng property we obtain the following formula: 

\\wT{x)\\p^r'^'~i^+PCp,UK), 

and in particular 



W^(T) 



i(Jt(A)| dX 



(2^) 



(39) 

Similar to the proof of Theorem 1 we obtain that the cumulant of order 
/c > 3 is of the form 



Lrj^ ~ cunik 



'{W{T)''"' W{T) J 



1 



W{T)'' 
1 



teKr JteKT 



w{ti)...w{tk)ckiti - tk, .., tk-1 - tk,0)dti...dtk 



WT{Xi)wT{X2)...WTiXk-l)wT{-Xi - ... - Afc-l)x 



X fk{Xi, Xk~i) dXi...dXk-i, 



(40) 



and then applying the Holder- Young-Brascamp-Lieb inequality with the same 
reasonings as those used for derivation of the formula ([T3)) we obtain for some 
C > the bound 



r(fc) 



where 



< C 



V = kd[ - - [l 

Similar to the proof of the Theorem 1, from the condition v > Q we come to 
the restrictions on pi and Pk+i, and, therefore, derive the following 
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Theorem 4 // Assumptions A, C, D, E and F hold, and for fc > 3 
where pk = '^''uln'' ■ Then, as T ^ oo 



where cr^ = (27r)'* Jj^^ /2(A)/i((iA), and the finite measure ji is defined in assump- 
tion E. 

This theorem can be appHed to the statistical problem of estimation of un- 
known coefficient of linear regression observed on the increasing convex sets. 

Analogously to Section 2, the invariance principle for the above situation 
can be considered and Theorem 4 can be extended to the analog of Theorem 3. 
We just point out the key steps here. 

First, we note that for the monotonically increasing function V{T) VK^(T) 
(with W'^{T) given by ([55)) ) there exists the unique inverse function which we 
will denote V^-^\T). Then we make the modifications in the definitions of the 
processes pO)) and (|3T|) . The Gaussian process ([30)1 is defined now as the process 

1 /2 

L]^{u) ^ ({2nf [ f{X)fi{dX)) [ db{t), ue[Q,l], 

with zero mean and the covariance function 

EL^(ui)L^(u2) = (271^ [ /(A)^(dA) V^~^'> {ui)K nV'^''^'^ {u2)K , m,ui € [0, 

Instead of ([3T|) we consider the process 

(«) = ttjLth I w{t)Xtdt, u e [0, 1] . (41) 

Basing the proof of weak compactness of measures Pt induced by the stochastic 
processes (|4T|) on Kolmogorov's criterion ([33]). we must check now that 



v{Ty 



-E 



n 4 



< const \v — , < w < u < 1. 



w{t)Xtdt 

lt£V(~^'l{v)KT \V(-i)(m)Kt 

(42) 

The same derivations as those in Section 3 will lead to the expression for the 
right hand side of in the form of the sum Ii + I2 + I3 + Ia, where now the 
function w{t) will be involved and correspondingly in the formulas (j35p . (j36p 
and dSIl) A^^(A) will be changed for A| (A) = /^gj^^ w^{t)dt with A't being 

now of the form Kt = V'^-^^v)Kt \V'^-^\u)Kt- 
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Therefore, supposing /2 to be bounded and £ L3, we come to the fohowing 
bound 



E 



teV(-i){v)KT \V(-^Hu)Kt 
2 



w{t)Xtdt 



< const 



const 



= const{2TT) 



2d 



dX 



w{t)e''^dt 



dX 



■uP{t)dt 



teKT 



(43) 



(Note that can be compared with the formula (1.8.11) in which gives 
more general result, namely, the bounds for odd order higher moments). 
Using ([39]) we can derive 



w^(t)dt 



teKT 



w'^{t)dt 



(44) 



ltev''-^'>{v)KT \v(-i)(u)ifT 

^ y(TF(-i) {v)) - y (Ty(-i' {u)) 

= T'^+^'^{V{V^-^\v))-ViV'^~^\u))) 

From dMl) we know also that ^(r) = {2tt)-'^'^T'^+'^P const, which combined with 
(|44)) and p3)) gives (|42|) . Therefore, weak compactness of measures Pt induced 
by the stochastic processes (j4T|) takes place under the conditions that the second 
order spectral density J2 is bounded and the fourth order spectral density /4 is 
in L3. 



Appendix A. The nonhomogeneous Holder- Young- 
Brascamp-Lieb inequality 

We have mentioned already in the introduction that the Holder- Young-Brascamp- 
Lieb inequality gives the possibility to evaluate the integrals of the form ([3]) 
under conditions on integrability indices of functions fi. 

The Holder- Young-Brascamp-Lieb inequality was clarified and considerably 
generalized recently by Ball [7], Barthe [8], Carlen, Loss and Lieb [13], and 
Bennett, Carbery, Christ and Tao (TO], [9], the end result being of replacing 
the linear functionals with surjective linear operators: lj{x) : S"' — !> S"^^ ,j = 
l,...,fc, with r\\ker{lj) = {0}. 

Following the remarkable exposition of [9], [10], we give the formulation of 
this inequality in the way the most relevant to the context of the present paper 
(see Theorem 2.1 of [9]). 
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Let H, Hi, Hm be Hilbert spaces of finite positive dimensions, each being 
equipped with the corresponding Lebesgue measure; functins fj : Hj — >■ R, 
j = 1, m, satisfy the integrability conditions fj G Lp. , j ~ 1, m. 

Theorem Al below specifies, in terms of certain linear inequalities on 

Zj = — , j = 

the "power counting polytopc" PCP within which the Holder inequality is valid. 

Theorem Al (Holder- Young-Brascamp-Lieb inequality). Letlj{x), j = 
l,...,fc be surjective linear transformationss Ij : iJ™ — > Hj, j = l,...,m. Let 
fj, j = I, . . . ,k be functions fj S Lp. {^{dx)), I < Pj < oo defined on Hj, where 
fx{dx) is Lebesgue measure. 

Then, the Holder-Young-Brascamp-Lieb inequality 



ijiipj 



holds if and only if 

(CI) dim(i/) = ^z,dim(i7,), 
j 

and 

(C2) dim{V) < ^ Zj dmi(lj(V)), for every subspace V C H. 
j 

Given that (Gl) holds, (G2) is equivalent to 

(G3) codim/f(y) > Zjcodimg^. {lj{V)), for every subspace V <Z H. 
j 

Here dim(y) denotes the dimension of the vector space V and codim/f (T^) 
denotes the codimension of a subspace V C H. 

Note also that any two of conditions (Gl), (G2), (G3) imply the third. 

Notes: 1) The domain of convergence (for fixed (^i, Ik)) is called "power 
counting polytope" PCP, cf. the terminology in the physics literature, where 
this polytope was already known (at least as integrability conditions for power 
functions), in the case nj = 1, Vj. Note that a general explicit form of the facets 
of PCP when Uj > 1 for some j, has not been found yet. 

2) Besides the rearrangement techniques of [14], this challenging problem 
has been also approached recently via "mass transport interpolation" by [B] and 
via "heat flow interpolation" by [TB] . 

3) Some related an interesting inequalities and an application to an analysis 
of integrals involving cyclic products of kernels can be found in [18] . 
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